
Math Logic: Model Theory & Computability
Lecture 29

lor() Primitive recursive relations from a
Boolean algebra

,
i

. e.

we closed under comple-
wents and finite unions/intersections .

16) Primitive recessive functions we closed under chefinitions by cases.
Proof

.
HW .

Prop . The clan of primitive recursive functions is closed under bounded search,
:

.
e

.
if REINPxIN is primitive recursive

,
the 10 is the function fiNxIN-> IN

defined by fla
,
b) : = Mxcg (R(, x)) := (Mx(Dx)) if Exb Rayotherwise

In particular, the clas of primitive recursive relations in closed under bod quantification,
i

.

e
.
if REINEXIN priva . rec . Ken so are Jyse RE

, g) and FyczR(, y).

Proof
. Fli

, Ol = 0 and fla
,
b + 1) = flat, b) if fa

, b) < 6

I b if fla
, b) = b and R(

, 6)
b+ / otherwise

For bod quantification
,

it's enough te
pore Ut Q1

,
2):-JyczR( *, s

is prim . res .
But 1(5,

z) = 1
, /Nocz(R/5, y)) , z) ·

Lor
. The Godel de function as well as all cooling/decoding functions are

primitive recursive
.

Proof
. The search operation involved in the definitions of these functions

in bounded .

Details left as HW.

Gr(Normal form for functions). Every computable faction FINK-I is of the form

fa = (My (R(a,x))= (x (g(a, x) = 0))o -



where REN"xI is primitive recursive and the search My is safe
,

se.

↓each ING Here is xEIN with R(
,
X)

,
and g :: StAR

is also prim. rec.

Proof
.
We preve by induction onthe inductive definition/complexity of coupe

table functions. First note that if f in already primitiveecursive,
then it is of the desired form because :

f(z) = (t
= ((0 = f(i))))= (x (1+ 10,

F(a)) = 0llo
.

Since we have already shown It all basic computable functions in

((1) are prim recursive
,
we're close with the base case.

For (12)
, appose Ut F = g(h , . . ., hel where each hi : It IN a g : NEIN

are computable and are of the desired form :

g I) = (My (R/8,1))
.

and hill = (M:
(Rila

, xillo -

Then flat = (N)th(z) = 1 +>11)
.

= Lero 1 Vice (Ril , Kit) and
Exi < /zliy , ~Ritat , xi)) 1 R(97o , ..., (Aelo ,

(lex) 1 Fycy -RI/(201)
.

·

(C3) is handled even easier
,
if fli = Mx (gla,

x = 0) where g :N
*I

is computable and is of the from g(c ,
x) = (My (h( ,

x
, yl = Allo ,

When

f (c) = (Nz (1710 = (lo1h( , (7), (7(z) = 0 1 (12210 = 0
1 Fuckl , "h(a ,

()
,

n ( + 0170 -

Cor(Normal form for mets). Each computable set SINK is of the form

S(a) <= 2 7 x R(a ,
x)

for some primitive recursive set REINkH .

Proof
. 1s( *) = (Mx(R( , x)))

o

for some prim. rec
.

REINPH
.
Thus,



Stat = Ex (R(a
,
x) 1(x)0 = 1)

and "Bla ,
x)1(x0 : /" is primitive recursive.

Parameterization of computable and primitive recursive functions.

Def
.

For a subset R &XXY
,
where X

,
Y are sel

,

and EX
,
sEY,

O

wh call Rxo : = (yEY : (x0
,
b) tR) and R : - ExEX : (x

, 40/ER3 He

verticalrection of R at Xo and the horizontal section of R at yo , resp.Y

i
" X

For a fuction f : XxY -> E
,
where X

,
YE one sel

,
and xoeX

, gotY,
we call the functions Exo : Y > z and f : X -> E

y +3 + (x0
,3) x + f(x

,
yo

the verticalrection of fatxo and the horizontal section off at you

Def
.
For a clam in of subsets of IN" a parameterization for Te is a relation

PENXIN" such Not for all RET
,
Here is ceIN such that R =E

.

Similarly ,
for a clase An of factions NP-IN a parameterization for Are

&
is a function F:INXIN"-> IN such th for each fe5

,
there is ceIN

such It f : Fc

The following method due to laster gives a

was to prove that some clanes

of relations/functions thatwre closed under "complements" do not admit
a parameterization that belos ne the same call.

Diagonalization Kantor. For
any

set X and
any

REXXX
,

the set

AntiDiagp : = ( xEX : (x,x)(R)



is not a vertical or horizontal Fiber of R
,
i

.
e. x0

, 70X sit.

AntiDiagp = Rxo or = Ro.
X

8655k = Artifica
Proof

.

If Artifing = Exo ther

Xo-AntiWiay <= XotRxo (> (y,Xo) f R

X 1= ) Xo Antidicyp

We can do the same with functions :

Function Diagonalization. For any sets X,
Y with distinct 3

, 32
EY

,
and

any
function

y 1 if F(x, x)+ 3 1F : XxX-> Y
,

the function Antibins, : X + Y
,
defined by x + hY2 otherwise (

is not a vertical or horizontal fiber off
,

i
. e. #XoEX and yotY st.

Antific = Exo or Antifing = Fo

by the def of AntiDiag
,

Proof. If Artific = Fo Men Antidicy
,

Kol = F(xo
,
Xo) # Actiling, (x0)·


